Abstract-In this paper we analyse the performance of stateobservers in the control of compartmental systems under the presence of uncertainties in the system initial state. We combine a state feedback law with positivity constraints and a state observer and prove that, as expected, the mass control objective is still attained. Moreover we show that, for a class of threecompartmental systems of interest, the resulting mass control law also allows reaching a desired steady state.
I. INTRODUCTION
Compartmental systems form a subclass of positive systems that consist of a finite number of subsystems, the compartments, which exchange matter with each other and with the environment. Such systems have been successfully used to model biomedical and pharmacokinetical processes, see, for instance, [5] or [7] . Since one has to guarantee the positivity of the control input, the design of suitable control laws for such systems is more delicate. In [6] , for instance, a nonnegative adaptive control law is proposed in order to guarantee the partial asymptotic set-point stability of the closed loop system, and a positive feedback control law is proposed in [1] , in order to stabilize the total system mass at an arbitrary set-point. The positive control law proposed in [1] , was also used in [11] for the control of the neuromuscular blockade level (see [9] , [10] and [12] ) of patients undergoing surgery.
In most practical cases, the physical state of a system cannot be determined by direct observation. In these cases, we often use a state observer (see, for instance, [3] or [4] ) to estimate the state from the knowledge of the input and the output of the real system. In this paper, we consider the control law referred in [1] and in [11] , and analyse its performance for the target control of the total mass, when the unknown state of the system is replaced by its estimate provided by an observer. Since our control law includes a positivity constraint, we do not require that the state estimate is positive. It turns out that, in this case, the asymptotic mass values coincide with those obtained when the state of the real system is supposed to be known. Moreover, we prove that for a class of three-compartmental systems of interest, the state of the controlled system also tends to the same point achieved when there is not uncertainties in the real system state. Our results are illustrated by several simulations, which, in particular, show that, even when the system is asymptotically stable, it is still relevant to use a state-observer in order to accelerate the convergence of the system mass or of the state trajectories to the desired values.
II. COMPARTMENTAL SYSTEMS
Compartmental systems are dynamical systems described by a set of equations of the forṁ
(see [5] or [13] ) where x = (x 1 , . . . , x n )
T is the state variable and x i and f ij take nonnegative values. Each equation describes the evolution of the quantity or concentration of material within a subsystem, called compartment. Since the compartments exchange with each other and with the environment, in the above equation, x i is the amount (or concentration) of material in compartment i, f ij is the flow rate from compartment i to compartment j and the subscript 0 denotes the environment (see [5] ). In this paper, we consider the class of linear time-invariant compartmental systems described bẏ
where x i and the input u take nonnegative values, k ij , q i , b i ∈ R + and at least one b i is positive (see Fig. 1 ). Note that, in this case, f ji = k ji x j , f 0i = b i u and f i0 = q i x i , and it can be easily proved that the system is positive, this is, if we consider an input u that remains nonnegative, then the state variable also remains nonnegative. Moreover, (1) can also be written in matrix form aṡ
where A (called compartmental matrix) is so that
to/from other compartments to/from other compartments k j i k i j i j 
The total mass of the system in a given state x is defined as
of all the points x in the state space with mass M * is called an iso-mass. An important issue in the context of the control of compartmental systems is to design a control law which yields a positive input that steers the system mass M (x) to a desired value.
In [1] , the following positive control law is proposed to guarantee that the trajectories converge to a set Ω M * :
where λ is an arbitrary design parameter. In order to state the corresponding theorem, we need to introduce the following concept of full outflow connectedness. A compartmental system (1) is said to be fully outflow connected if at every state x there is a path i → j → k → · · · → l with positive k ij 's from every compartment i to some compartment l such that q l > 0 (see [1] ). (2) be a fully outflow connected compartmental system. Then, for the closed loop system (2)- (3) with arbitrary initial conditions x(0) ∈ R n + : i) the iso-mass Ω M * is forward invariant; ii) the state x(t) is bounded for all t > 0 and converges to the iso-mass Ω M * .
The proof of this result is based on the application of LaSalle's invariance principle (see [8] , pg.30), by considering the Lyapunov function
III. OBSERVERS
In most practical cases, the physical state of a system cannot be determined by direct observation. In these cases, we often use a state observer to estimate the state from the knowledge of the input and the output of the real system.
In this section, we analyse the effect of replacing the unknown state of the system by its estimate provided by an observer for control purposes.
Consider the SISO system described by
where A is a n × n compartmental matrix, b = (b 1 , b 2 , . . . , b n ) T (with b i ∈ R + and at least one b i positive), C = (c 1 , c 2 , . . . , c n ) (with c i ∈ R + ) and let the closed-loop state estimator Ω be described by ẋ = (A − LC)x + bu + Ly, y =x wherex is the estimated state and L = (l 1 , l 2 , . . . , l n )
T is a vector of gains such that σ(A − LC) ⊂ C -. In order to guarantee the existence of such L, we assume that (C, A) is detectable.
If we take the estimated statex instead of the real state x, the control law to be applied to (4) is:
Remark 2: The construction of positive observers is an important issue in the theory of linear positive systems. However here the observer system is not required to be positive, since the control law u is subject to a positivity constraint. Note moreover that this positivity constraint is necessary even when the (positive) real state x is used instead of the estimatex.
In the sequel, we analyse the convergence of the state trajectories of the closed loop system (4)-(5).
A. Total mass convergence
Theorem 3: Let (4) be a compartmental system such that q i = 0, i = 1, . . . , n. Then, the state trajectories x(t) of the closed loop system (4)- (5), with arbitrary initial conditions
This theorem can be proved using the results in [2] . However, in order to keep this paper as much as possible self-contained, we present an alternative proof, using more elementary tools.
Proof: If we define e(t) =x(t)−x(t) as the error between the estimated and the real state, the control law (5) becomes
where
Since L is such that σ(A − LC) ⊂ C -,
that is,x(t) → x(t). Therefore,
Consider ε 1 > 0 and take t 1 > 0 such that the previous condition is verified. Then, since , e)) ) .
In the following we take M *
qi λ ε 1 and suppose that n j=1 l j ≥ 0.
In this case, whenũ(x) ≥ 0,
Consider the function V : R n → R defined by
Note that V is a Lyapunov function of the system in R n + × B(0, ε 1 ) because it is continuous andV (x, e) ≤ 0, ∀(x, e) ∈ R n + × B(0, ε 1 ) (see [8] , pg. 30). In fact, if (x, e) ∈ R n + × B(0, ε 1 ),
otherwise is nonpositive, as we next show.
• Suppose that M (x, e) < M 1 . In this case,ũ(x) anḋ M (x, e)will be positive if ε 1 is such that
Since ε 1 > 0 is arbitrary, we shall suppose that this is the case. Note that, in this case, V (x, e) = (M (x, e) − M 1 )Ṁ (x, e) < 0.
• Suppose that M (x, e) > M 2 . In this case, ifũ(x) ≥ 0, M (x, e) < 0. Ifũ(x) < 0, u(x) = 0 and, if we define
Applying LaSalle's invariance principle (see [8] , pg.30), it turns out that (x, e)(t) converges to the largest invariant set contained in
The case where n j=1 l j < 0 is similar to the previous one.
Note that the definitions of M 1 and M 2 allow to conclude that there is a neighbourhood of
it is easy to verify the previous inclusion. Since ε 1 can be taken as small as we want, we prove that M (x, e) → M * . Thus, as M (e) → 0, we prove that M (x) → M * as desired.
B. The neuromuscular blockade case
In [11] , the control law (3) was applied for the control of the neuromuscular blockade of patients undergoing surgery, by means of the infusion of atracurium. In fact, it is possible to model this problem as a three-compartmental model that can be described as depicted in Fig. 2 , where u is the drug infusion dose administered in the central compartment, and k 12 , k 21 , k 13 , q 3 are positive micro-rate constants and q 1 , q 2 are nonnegative micro-rate constants that vary from patient to patient. In this case, the set of equations (1) becomes
where x 1 , x 2 and x 3 are the drug amounts in the central, peripheral and effect compartments, respectively.
It was proved in [11] and in [14] , that the application of the control law (3) to a system of the form (6) not only leads the mass to a certain value M * , but also leads the whole system state to an equilibrium point x M * . Here, we shall prove that a similar result still holds when we control our system (6), using a control law (5).
Although we focus on the administration of a muscular relaxant, our results are also valid for other compartmental systems with the same structure.
The next proposition is useful in the proof of the main result of this subsection.
Proposition 4:
Suppose that q i = 0, i = 1, ..., n. Then, when the control law (5) is applied to (4), there exists an instant t 1 > 0 such that, for t ≥ t 1 , u(x(t)) = u(x(t)) ≥ 0, Proof: According to Theorem 3, when the control law (5) is applied to (4), the system mass converges to M * . This implies that, for every ε > 0, there exists an instant
for t ≥ t 1 . Since e(t) → 0, there is also a positive instant such that −ε < e i < ε, i = 1, . . . , n, from that instant on. Suppose that t 1 > 0 is such that the two previous conditions are verified for t ≥ t 1 . Thus, for t ≥ t 1 ,
It was shown in [11] and in [14] that the application of the control law (3) to a system of the form (6) leads the whole system state to the unique steady state x M * with mass M * ,
, where α 1 and α 2 depend on the micro-rate constants k ij and q i . In the following, we shall prove that this result holds when we consider the control law (5) instead.
Proposition 5:
Consider that q i = 0, i = 1, 2, 3. The state trajectories x(t) of the closed loop system (6)- (5), with arbitrary initial conditions x(0) ∈ R n + , converge to x M * .
Proof: Define F = [q 1 − λ q 2 − λ q 3 − λ] and v = λM * . According to Proposition 4, there exists an instant t 1 > 0 such that, for t ≥ t 1 , u(x(t)) = u(x(t)) ≥ 0. Thus, for t ≥ t 1 , we obtain the following closed loop system:
Let
Since it can be easily seen (using the Routh -Hurwitz stability criterion) that, all the eigenvalues of A + bF lie in C -, it turns out that A 1 is asymptotically stable. Thus, However,
Therefore,
and it turns out that
Since it is easy to verify that − (A + bF ) −1 bv coincides with x M * , this proves our result.
1) Simulations:
In the sequel, some simulation examples are presented for the control of the administration of the neuromuscular relaxant drug atracurium to patients undergoing surgery. As it was already shown, it is possible to model this problem as a three compartmental model described by the set of equations (6) .
Here, we consider that the patient's real model is given by (6) , with the following values for the parameters (units Our aim is to stabilize the system mass on the value M * = 3.5230 and the third component of the system state (which corresponds to the drug effect) on x M * 3 = 1.1169 (which, in an exact modeling situation, can be shown to correspond to the typical 10% level of neuromuscular blockade), applying the control law (5) to (6) .
The following simulations illustrate the behavior of the mass and of the drug effect for the controlled system for different observer gain vectors L. In the first and in the second simulations, depicted in Fig. 3 , it is assumed that L = 0. Note that this corresponds to a parallel computation of the state based on initial conditions that are affected by error. However, since the system turns out to be asymptotically stable, this initial error will converge to zero. The other simulations show how the convergence can be accelerated by the choice of suitable observer gains. In all simulations it is assumed that the initial error between the estimated and the real state is e(0) = [3 1. 8 2.5] T .
In accordance with our theoretical results, in all simulations one observes that the system mass converges to M * and the drug effect converges to x 
IV. CONCLUSION
This paper presents an analysis of the performance of stateobservers in the control of compartmental systems under the presence of uncertainties in the system initial state.
It turns out that, in this case, the asymptotic mass values coincide with those obtained when the state of the real system is supposed to be known. Moreover, we prove that, for a class of three-compartmental systems of interest, the steady state of the controlled system is the same as in the exact case. Our results are illustrated by several simulations, which show the role of observers in the acceleration of the convergence.
